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Motivation
• Adaptive : estimate the dynamics along the way

• Robust : avoid failures, maximize worst-case outcomes

Related work

• Robust Dynamic Programming [e.g. Iyengar 2005]

Finite states only

• Quadratic costs (LQ) [e.g. Dean et al. 2017]

Stabilization only

Setting
ẋ(t) = A(θ)x(t) +Bu(t) +Dω(t) (1)

Model Estimation

P
(
θ ∈ CN,δ

)
≥ 1− δ, (2)

Robust control

sup
u∈(Rq)N

inf
θ∈CN,δ
ω∈[ω,ω]R

[ ∞∑
n=N+1

γnR(xn(u, ω))
]

︸ ︷︷ ︸
V r(u)

(3)

Model Estimation

θ

C[N ],δ

CN,δ shrinks with the number of samples N .

Assumption 1 (Structure).

A(θ) = A+
d∑
i=1

θiφi, (4)

Assumption 2 (Noise Model). Assume

• sub-Gaussian observation: E [exp (uTη)] ≤ exp
( 1

2u
TΣpu

)
• bounded disturbance: ω(t) ≤ ω(t) ≤ ω(t)

Theorem 1 (Matricial version of Abbasi-Yadkori et al. 2011).

Let θN,λ = G−1
N,λ

N∑
n=1

ΦT
nΣ−1

p yn,

GN,λ =
N∑
n=1

ΦT
nΣ−1

p Φn + λId ∈ Rd×d.

Then, with probability at least 1− δ

‖θN,λ − θ‖GN,λ ≤ βN (δ), (5)

with βN (δ) def=
√

2 ln
(

det(GN,λ)1/2

δ det(λId)1/2

)
+ (λd)1/2S.

Interval Prediction
Having observed N samples, given θ ∈ CN,δ, we want

x(t) ≤ x(t) ≤ x(t), ∀t ≥ tN . (6)

Proposition (Simple predictor of Efimov et al. 2012).

ẋ(t) = A+x+(t)−A+
x−(t)−A−x+(t) +A

−
x−(t) +Bu(t) +D+ω(t)−D−ω(t),

ẋ(t) = A
+
x+(t)−A+x−(t)−A−x+(t) +A−x−(t) +Bu(t) +D+ω(t)−D−ω(t),

ensures the inclusion property (6).
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Assumption 3. There exists orthogonal Z such that ZTANZ is Metzler.

Proposition (Enhanced predictor of Leurent et al. 2019).

ẋ(t) = ANx(t)−∆A+x
−(t)−∆A−x+(t) +Bu(t) +D+ω(t)−D−ω(t),

ẋ(t) = ANx(t) + ∆A+x
+(t) + ∆A−x−(t) +Bu(t) +D+ω(t)−D−ω(t),

ensures the inclusion property (6) under Assumption 3. 0 1 2 3 4 5
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Robust Control
Definition 1 (Surrogate objective). Let x, x following (6) and

V̂ r(u) def=
∞∑

n=N+1
γnRn(u) where Rn(u) def= min

x∈[x
n

(u),xn(u)]
R(x).

Theorem 2 (Lower bound).

V̂ r(u) ≤ V r(u)

Theorem 3 (Suboptimality bound). Under two conditions:

1. a Lipschitz regularity assumption for the reward function R;

2. a stability condition: there exist P > 0, Q0 ∈ Rp×p, ρ > 0, and N0 ∈ N
such that

∀N > N0,

[
AT
NP + PAN +Q0 P |D|

|D|TP −ρIr

]
< 0;

we can bound the suboptimality with probability at least 1−δ, for a planning
budget K, as:

V (a?)− V̂ r(aK) ≤ ∆ω︸︷︷︸
robustness to
disturbances

+ O
(

βN (δ)2

λmin(GN,λ)

)
︸ ︷︷ ︸

estimation error

+ O
(
K−

log 1/γ
logκ

)
︸ ︷︷ ︸

planning error

.

Corollary 1 (Asymptotic near-optimality). Under
an additional persistent excitation (PE) assumption

∃φ, φ > 0 : ∀n ≥ n0, φ2 ≤ λmin(ΦT
nΣ−1

p Φn) ≤ φ2
,

the stability condition 2. of Theorem 3 can be relaxed
to its limit AN → A(θ) and

O
(

βN (δ)2

λmin(GN,λ)

)
= O

(
log
(
Nd/2/δ

)
N

)
.

Multi-Model Extension

Assumption 4 (Multi-model ambiguity). (A, φ) from (4) lies within a finite set ofM models.

Model adequacy If y 6∈ Pm, the model (Am, φm) can be confidently rejected.

Proposition 1 (Robust selection). With discrete ambiguity, the robust version of OPD enjoys
the same regret bound as OPD and recovers V r exactly.
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Experiments

Obstacle avoidance
failures min avg ± std

Oracle 0% 11.6 14.2± 1.3
Nominal 4% 2.8 13.8± 2.0
Robust 0% 10.4 13.0± 1.5
DQNa 6% 1.7 12.3± 2.5

Unsignalized intersection
failures min avg ± std

Oracle 0% 6.9 7.4± 0.5
Nominal 1 4% 5.2 7.3± 1.5
Nominal 2 33% 3.5 6.4± 0.3
Robust 0% 6.8 7.1± 0.3
DQNa 3% 5.4 6.3± 0.6
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aAfter training on 3000 episodes
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